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Time-Domain Finite Element Method
for Inverse Problem of Aircraft Maneuvers

Suchang Lee* and Youdan Kim"
Seoul National University, Seoul 151-742, Republic of Korea

A method for solving nonlinear inverse problems is proposed. The inverse problem is formulated as a general
optimization problem with equality constraints that are functions of state variables. The optimality conditions are
derived by a variational approach. A time-domain finite element method is used to discretize the derived governing
equations. The proposed method can utilize the control redundancy in a redundant case through the proper selection
of the performance index and constraints. Time differentiation of trajectory constraints and partial differentiation
of output variables with respect to the control inputs are not required, and there is no numerical integration in the
developed algorithm. Examples of inverse solutions for an aileron roll maneuver and a bank-to-bank maneuver of

aircraft are presented.

Nomenclature

= final state variation when holding final time
fixed, and when final time is allowed to vary,

dx(t;), 8x(1/)

respectively
fx,u,t) = system dynamics vector function
J = performance index
Lx,u,t) = Lagrangian
Sx, 1) = state constraint vector function
t = time
x(t) = state vector
u(t) = control input vector

a, B(), v, A1)

= Lagrange multipliers

T = nondimensional elemental time
P(x, 1) = final state weighting function
Px,t) = final stage constraint
Superscript

T = transpose operator

I. Introduction

HE inverse simulation problem involves determining the re-

quired control inputs that will make the specified states fol-
low the prescribed state trajectories. During the last decade, the
inverse simulation problem of aircraft maneuver has received much
attention' °: design of control inputs for aircraft nonlinear large-
angle maneuvers, altitude programming in trajectory optimization,!
terrain following/avoidance problem,? and others.

Kato and Sugiura® proposed a differential approach in which the
path constraint must be successively differentiated with respect to
time until the control variables are included explicitly. They applied
it to the aileronroll maneuver of an A4D aircraft, however; they ob-
tained slightly unrealisticresults: rudder angles in excess of 30 deg,
sideslipangles of almost 20 deg. Sentoh and Bryson* formulated the
same problemusing an optimal control algorithm that minimizes the
integral of weighted square sum of deviation from a straight flight
path and control surface deflections. To get a feasible solution, large
weightings are imposed on control deflections and, therefore, the
bank angle did not follow the specified trajectory. Gao and Hess’
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proposed an integrationalgorithm, which does not require time dif-
ferentiation of the specified path constraints. Both the nominal case
in which the number of control inputs equals the number of path
constraints, and the redundant case, where the number of control
inputs is greater than the number of path constraints, can be treated
through the pseudoinverseconcept. However, the partial derivatives
of output variables with respect to the control inputs have to be
evaluated numerically. No specific method was presented to exploit
the control redundancy, and low-pass filtering techniques should be
used to remove the high-frequency oscillations of the obtained con-
trol inputs. Matteis et al.® presented another integration approach
using the local optimization concept in which the control redun-
dancy could be exploited by adding new path constraints. However,
the second partial derivatives of the output variables with respectto
each control input must be evaluated numerically, and construction
of the new path constraints for a specific performance requirement
is complicated. The latter is a severe problem, because the path con-
straints may restrict the feasible region and sometimes a solution
cannot be found through optimization.

In this paper, the inverse problem is formulated as a general op-
timization problem with equality constraints that are functions of
state variables. The controlredundancycan be fully utilized through
the proper selectionof the performance specifications and constraint
equations. The proposed method does not require the time differ-
entiation of trajectory constraints nor the partial differentiation of
output variables with respect to the control inputs. Numerical dif-
ferentiation is not involved in the procedure and, therefore, the ill-
conditioningand initial guess sensitivity problems of numerical pro-
cedures can be avoided.

Hodges and Bless’ derived the optimality conditions of the basic
optimal control problem using a variational approach based on the
Hamilton’s weak principle and solved the governing equations by
a time-domain finite element method. This methodology was ap-
plied to simulate nonlinear dynamic systems and to solve optimal
control problems such as the trajectory optimization problem of a
point-mass launch vehicle. This technique was extended to cope
with the inequality constraints on state and control variables® and
discontinuitiesin system dynamics.> ! Also, it was used to solve the
trajectory optimizationof a multistage launch vehicle with dynamic
pressure constraints.! 713

A new method, expanding the Hodges and Bless method, is pro-
posed to cope with the equality constraints on function of state
variables, for solving nonlinear inverse problems. In the following
section, the inverse problemis formulated as a general optimization
problem. The optimality conditions are derived using a variational
approach. In Sec. III, a set of nonlinear algebraic equations are de-
rived through the discretization of the governing equations by the
time-domain finite element method. Also, a numerical procedureto
solve the discretized governing equations is discussed in detail. In
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Sec. IV, numerical examples of an aileron roll and a bank-to-bank
maneuver of an A4D aircraft are presented. In Sec. V, the features
of the proposed method are summarized.

II. Governing Equations for Inverse Problem

The inverse problem is one in which the system and the desired
state trajectories are given and the control inputs have to be deter-
mined. We consider the nonlinear time-varying dynamic systems of
the form

x=fxur1) )]

where x € R"™*! denotes the state vector and u € R™*! denotes the
control vector. Assume thatthe specified trajectoriesare represented
as follows:

Sx,t) =0, t €ty ts] 2)

Note in this equation that the control vector does not appear explic-
itly as in many realistic problems. Only the cases that the number of
controls (m) equals or exceeds the number of constraint equations
(1) will be treated. Initial conditions of the system and physical limi-
tations on actuators should be carefully considered to determine the
proper form of the desired trajectories, or unrealistic solutions may
be obtained. Therefore, it is assumed that the specified constraints
of Eq. (2) are consistent with the initial conditions of the system of
Eq. (1).

We propose a method to solve the inverse problem by utilizing
algorithms for optimization. Consider a general constrained opti-
mization problem with the following performance index, system
dynamics of Eq. (1), and final time constraints of Eq. (4). The im-
posed final time constraints have to be consistent with the specified
state trajectories with the consideration of the time derivatives of
related state variables. At the same time, it must properly describe
the desired final condition of the dynamic system

1y
10:/ L(x,u,t)dt + ¢ (x, 1)[;] ®)

Ylx(ty), t7]1=0 )

The inverse problem can be formulated as an unconstrained min-
imization problem via direct augmentation method.!*!> The con-
straint equations are augmented as follows:

to

tf
J’=/ [L+ X (f —%)+ B'S]dr + @] (5)

O =, 1)+, 1) (6)

where A(1) € R™! B(t) € R™*!, and v € R7*!' are Lagrange
multipliers. Note that a similar problem can be formulated by min-
imizing weighted least square error of the path constraints as in the
model following or the model reference control technology. How-
ever, exact following of the path constraints is not guaranteed, and
initial transient error is unavoidable.

The states should be continuous at the initial and final times.
Implying weak boundary conditions on these variables,’ the new
performance index takes the form

tf
J:/ [L+ A (f—%)+B"Sldr + @) +a’ «x—%)] (]
fo

where
x| = 1im+x(t), x|, = lim x(7)
t~>t0 t~>tj (8)
i“lt() Ex(to), i“lt/ Ex(tf)

and « is Lagrange multiplier defined only at the initial and final
time.

Necessary conditions for optimality are derived by requiring that
J be stationary with respect to variations in variables. Note that for
the free final time problem, the following relations are given:

Sx(ty) = dx(t;)—xl,, dt; SA(ty) = dA(tp) = Al,, dt; (9)

where 8x(7;) and () denote the variations of state and costate
vectors at fixed final time and dx(¢;) and d\(¢,) denote the varia-
tions of state and costate vectors at free final time, respectively. The
following variables are introduced for notational convenience:

T T
~ 0P : 0P
At() = (a) s At/ = (a) (10)
iy

to

The first variation of J is obtained after integrating by parts and
manipulations as follows:

5J=/fia,\T(f—5c)+aﬂTs
., ) E T % T ﬁ T
o [H(ax) +(ax) H(ax) g}
., % T % T
v () (23]

+ou Tl + A" A= NI +sal (x - D)

fo fo

+dtf|:L+/\Tf+ﬂTS+8—CD:| (11)
ot .,

Note that (dx — dfc)li(’) may be set to zero since the admissible vari-
ation of state must be continuous at the initial and final times. Also,
x|, = dx|,, since initial time is specified.

All of the coefficients of the variational terms must be zero for
stationary values of J. By setting the coefficients of the §x” and
Su terms to zero, we can obtain the same Euler-Lagrange equation
and optimality condition on the constrained arc in the case of state
inequality constraint.!*!> No jump conditionof Lagrange multiplier
is mentioned because there is no switching structure under the state
equality constraints, which are active all of the time. And we only
consider the case of continuous path constraints.

In previous research,’” time differentiationof the path constraint
was used to reduce the number of equations, and the resulting equa-
tionsbecomelinearlyindependent.In this study, instead,a numerical
method is pursued to solve the full equations, because the state con-
straintequations have an indirect effect on control variables through
the system dynamics. Detailed discussion will be given with numer-
ical examples.

We will now derive a mixed form of §/, which does not contain
the time derivativesof state and costate variables. As shownin Ref. 7,
the Lagrange multiplier o can be chosen as follows:

Sa(ty) = (1), Sa(ty) = 8A(ty) (12)

Substituting Egs. (9) into Eq. (11) and integrating by parts yield

ty .
w:/ SA x — 85" A+ SXTf + 8378
fo
T T T
L of S
+8x"| | —) +(=) 2x+(—=
* |:(8x> (8x> (8x> ﬂ:|
T T
L ) .
+5uT[($> + (%) ,\} } dr + vl + sxT Al

9D
— AR + dtf|:L + A f+8"s+ E]
)
+IA = N1, diy — [@ —x)T AL, dt; (13)

Note that the final conditions on state and costate are natural, the
last two terms are equal to zero. Also, the term A|,, can be treated
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as an unknown instead of v|,, and, therefore, the v|,, term can be
removed from Eq. (13). Finally, the first variation of J in mixed
form can be obtained as follows:

ty .
8J=/ A" x — 8" A+ SATf + 5078
to
T T T
9L of aS
T _ I —_—
+ox |:(8x> +(8x> /\+(8x> ﬂ:|
T T
oL a A\
”[(7) “(3) *} } -+ 807l + 357 ]

N 0o
— SATR] +dt; |:L+/\Tf+ ﬂTS+E} (14)
t
Note that the necessaryconditionsfor optimalityrequirethat the first
variation of J be zero for all possible variations, and Eq. (14) is the
governing equation for the inverse problem. To solve this problem
throughthe finite elementmethod, a discretizationprocedureis used.

III. Finite Element Discretization
In this section, a finite element discretization procedure for solv-
ing the optimal control problem is introduced. Let the time interval
from #, to ¢, be broken into N finite elements. The nodal values

of these time elementsare t; (i = 1,2,..., N + 1), where t; = 1,
and ty,, = f;. A nondimensional elemental time 7 is defined as
follows:
t—t t—t
1= 0<t<l1 (15)

Liy1— 14 N

where At; is the element size. Because there are time derivative
terms 8x and 8 in Eq. (14), Hodges and Bless’ chose the simple
linear shape functions for §x and S\ and constant shape functions
for all of the other variables in the discretization procedure. With
these selections, §x and 8\ can be approximated as follows within
the ith finite element:

_ 8x; 1 — ox;
N At

SA = A1 — 8N
Atl'

ox (16)

17

For the inverse problem, evaluation of the control input is most
important, and in this study the linear shape function is also taken
for control variable u. In summary, linear shape functions are used
for §x, 8, Su, and u, and constant shape functions are used for all
of the other variables;

8x = (1 — 1)8x; + T6x; 41 (18)
SA=(1—1)8N + 18\ 11 (19)
Su=(1—1)8u; +téu; 4, (20)
58 = 80, 21
.i'i, T=0
x =1 X, 0<t<l 22)
Xitts T=1
Xi, T=0
R 0<t<l (23)
ii+l» =1
u=u(1—1)+u 1t (24)

B= /61' (25)

For convenience, the nodal values of x and A are defined as X; and
A, respectively, and the elemental values of x and A are defined as
x; and \;, respectively. Also, the elemental values of 3 are defined
as 3;, and the nodal values of u are defined as u;. After substituting
Egs. (16-25) into Eq. (14), the integration should be performed
within each finite element. Because the linear shape function is
used for control variable u in our formulation, it is not possible to
do the analytic integrationas in Ref. 7. Instead, the trapezoidal rule
is used as follows:

1
/ SAf G w1 — 1) + w7, 4,(1 — 1) + £, 1) AL dT
0
NI _
A B, T{f(xi»uivti) +f & w1} (26)
1
/ 5,\1.T+ltf(i‘l-,u,-(l -0 +u 7, (1 —1)+ 1 T)ALdT
0
At
~ A = f G w1 i) @27

Now, the governing equation, Eq. (14), can be discretized as in the
following algebraic form:

N N VL) of \ - s\’
T —_° — =L ) —
;(axi |:,\l-+ > i(8x>i+(ax>i'\’+(8x>iﬂ"

£](2),-(2)
2 ax i+1 ax i+1 i
s\ oxr| g o Al
+ a i+1,3,- + OA; —x,-+7fl-

_ At; At;
+5’\ir+1|:xi + Tfi+1:| +5/3ir[7(si +Si+l):|

an] oL o\ -
+éu; [Ti(%)l + (a)l A,}]

.| An) (oL b\ - |
[ 35, () 2]

—(leril +5x,f,+15w+1 +(SA1T.£‘1 - 5A;+1£N+1

+5xir+1|:—/_\,-+

—_——

. 9D
+ v Py, + dty |:L + A f+8"s + e

=IN+1
=0 (28)

where

fi=fG&i u,t) fivi=fG, uipr, tiv1)

oL oL _ oL oL _
— | ==, u,t) — =—@X, U1, tig1)
ox /, ox ox . ox

Ly, =L&yy1 Uns1rtvst) (29)

and the other notations follow the same conventions.

By setting the coefficients of all variationalterms in Eq. (28) equal
to zero, we obtain a set of nonlinear algebraic equations that is the
resulting discretized governing equations for the inverse problem.
Because the discretized governing equations are derived before the
problem s specified, these equations are in a general form and may
be encoded into a general program. Solving these equations, one
obtains optimized numerical solutions to any inverse problem for a
specific dynamic system, performance index, and specified various
constraints.
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The procedureforobtaininga numericalsolutionis now explained
in detail. Elemental variables such as x;, \;, and u; are evalAuatedby
solving the algebraic equations. Then nodal values ; and \; can be
computed by using the following recursive relation’:

i = (% +2xi+l) (30)
[ i+ X)) G1)

' 2
Nodal control value &; can be evaluated by applying the optimality
condition with the nodal values x; and ;.

There are (2n + m)(N + 1) +IN + g + 1 nonlinear algebraic
equations and the same number of unknowns: X;, /\,-,Aﬁl. (i =
1,2,....,N),andu; ( =1,2,...,N+1),and Xy, A;, v, and
t;. Because the nodal control values u; appear explicitly in the dis-
cretized governing equations, no additional procedures are neces-
sary to evaluate u;. Thus, error propagation due to control nodal
value calculations is avoided. Also, less computational time, fewer
possibilities of ill-conditioning,and better numerical robustnessare
expected from the fact that no numerical differentiation and/or in-
tegration procedures are required in the proposed algorithm.

Some of the discretized governing equations become linearly de-
pendent on each other and, also, some Lagrange multipliers may be
determined by implicit relations. This leads to the Jacobian matrix
being singular,and therefore these Lagrange multipliersmay be cal-
culated utilizing the pseudoinverse concept. In this study, however,
the noncontributing Lagrange multipliers can be identified through
the Jacobian matrix that is provided explicitly, and therefore the
numerical results satisfy the conditions for optimality.

The Levenberg-Marquardt method,'® a least square optimization
algorithm, is adopted to solve the problem numerically. A symbolic
differentiationprogramis used to derive the analytic formulation of
the Jacobian matrix, df /dx, and 9L /du, in Eq. (28), and a sparse
linear solver is used to exploit the sparsity of the Jacobian matrix.
To solve the nonlinear algebraic equations, an initial guess for each
unknown is needed at each iteration. In this study, the first initial
guesses for state variables are chosen by linear interpolation of the
given initial conditions and the desired final conditions, and the
initial guesses for all Lagrange multipliers are set to zero with two
or four time elements. In the following iterations, the preceding
solutionis linearlyinterpolatedto constructthe nextiterative’s initial
guess to get the refined solution. Final solutions are obtained by
increasing the element number and repeating this procedure until
the required accuracy is obtained.

IV. Numerical Examples

A relatively simple nonlinear model is chosen to compare with
previous work.>* Assume that the forward velocity U is constant
and the same as the total velocity V, (U = V,). Using linearized
kinematics and aerodynamicforces,” the equations of rigid aircraft
motion are given by

Y=V,W+Vcosd — Wsin® (32)
Z=-V,0+ Vsin®+ W cos (33)
V=-V,R+PW4+Y,V+Y;,8;+gsin® (34)

W=V,0—PV+ZyW+ Zs 8z + gcos @ (35)

d="P (36)

® = Qcos® — Rsind (37)

U = Qsin® + Rcos ® (3%)
P=L,V+LR+L,P+Ljbg+Lj3s, (39)
O=—uPR+MyW+MyQ + M, 5, (40)

R=0PQ+N,V+NR+N,P+N; g+ N;5s (41)

where u = (I, — I.)/I, and 0 = (I, — I,)/I,. Here, 10 state
variables define positionsin the inertial coordinates Y and Z; body
axis linear velocities V and W standard Euler angles ®, ®, and WV;
and angular velocities P, Q, and R. Three control inputs, &z, &g,
and § 4, denoterudder, elevator, and aileron deflections, respectively.
Trim conditions, oy = 3.8288deg (0.0668 rad) and 8, = —2.5038
deg (—0.0436 rad), in straight level flight at an altitude of 4.6 km
(15,000 ft) and at a velocity of M = 0.6 (634 ft/s), are calculated
and used as the initial conditions.

Aileron Roll Maneuver

In aileronroll maneuver, the aircraft sustainsa straight flight path
and rolls through 360 deg in T s. Desired path constraints can be
expressed as®

Y=0 (42)
Z=0 (43)
® = 27 /16)[cos(3nt/T) —9cos(nt/T) + 8] (44)

This is the nominal case with three control inputs and three path
constraints,and so there is no freedomto optimize any performance
index. But a virtual optimization problem can be formulated to ma-
nipulate the inverse problem using the general algorithm developed
in this paper. To minimize the control surface deflections and to
reattainthe initial trim condition after 360-degroll, the performance
index and the final time constraintare set as follows:

L=1(s%+61+5%) (45)
Y=Y ZV (W-W,) & ©-0y) ¥ P Q R" (46)

where W is the initial vertical velocity and ® is the initial pitch
angle. With these path constraints and boundary conditions, unre-
alistic results similar to those in Kato and Sugiura® are found. The
results are designated by lines marked with triangles and plus signs
in Fig. 1.

The results marked with triangles are obtained by the procedure
devised in this paper, and the results marked with plus signs are
obtainedby the differentialapproachexplainedin Ref. 18. These two
results show some discrepancy, presumably caused by differences
in numerical properties between the two approaches, but can be
consideredas acceptableengineering solutions for the given inverse
problem. We can say that the direct augmentation method, in which
no explicit time differentiationof path constraintis needed, can find
anumerical controlinputfor the inverse problem. All control surface
deflections are excessive, and the sideslip angle varies from —20 to
420 deg. Note that roll angle follows the prescribed trajectory well,
and the Y-Z trajectory deviations from the straight flight path are
less than 10 ft.

To get a more realistic maneuver, we impose only one constraint
on the roll angle ®, as in Eq. (44), and use the same final time
constraint. The new results represented in Fig. 1 (circle and cross
marks) show the good bank angle match, reduced control surface
deflections, well coordinated sideslip angle response, and reason-
able Y-Z trajectory. These results are better than those of both Kato
and Sugiura® and Sentoh and Bryson.*

The high-performance fighters developed recently have more
control redundancies such as unconventional aerodynamic control
surfaces and thrust vectoring capability. Therefore, the methodol-
ogy presented can be used to design the control law for a fighter
aircraft with high-control redundancy. Many problems involving
the trajectory optimization with the consideration of dynamics in
robotic engineering can be solved as well.

Bank-to-Bank Maneuver

For bank-to-bank maneuver, the aircraft sustains zero flight-path
angle and zero yaw angle and follows the given sinusoidal bank
angle trajectory. Gao and Hess® formulated this maneuver as

0=a 47)
v =0 (48)
® = ®y;sin(Q, 1) (49)
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Fig.1 Aileron roll maneuver.

where ®,, denotes the maximum bank angle and 2, determines
the frequency of the desired sinusoidal profile. Accordingto the ap-
proximation used in the modeling procedure, the ® = « constraint
may be approximatedas @ = W/V,.

The performanceindexissetas L = (§2+68%+6%)/2, whichmin-
imizes the control surface deflections, and the final time constraints
of Eq. (46) are also adopted to reattain the initial trim condition.
This inverse problem is solved by the presented method with the
numerical values of ®,, = 10 deg, 2, = 0.1 Hz, and #; = 20 s.
Severe oscillations of control inputs are obtained, similar to Gao
and Hess,® as shown in Fig. 2 (triangle mark).

Gao and Hess’ explained that a local optimal solution or numer-
ical error might be causing the control oscillations and, therefore,
low-pass filtering techniques could be used to smooth the control
inputs. However, in our opinion the cause of control oscillations

comes from the incompatibility of the given path constraints with
the initial condition. At trim condition the roll rate P is zero, but the
given path constraintdemands a value of ®,,<2, deg/s.

A new path constraint equation is conceived such that 1) it is
compatible with the initial condition and 2) it properly describes
the desired bank-to-bank maneuver. From 0 to 2.5 s and 17.5 to
20 s, the new path constraint equation consists of a seventh-order
polynomial, and between 2.5 and 17.5 s, the original sinusoidal
equation of Eq. (49) is used.

Using this new path constraint, good bank angle following is
achieved with smooth control input history, as shown in Fig. 2 (cir-
cles). In both cases, yaw angle is not exactly sustained at 0 deg;
however, the deviation is within +0.05 deg, which is acceptablein
real-flight situations. This example confirms that the design of the
proper path constraintis not a trivial procedure.
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Fig.2 Bank-to-bank maneuver.

V. Conclusion

A new method solving the inverse problem is introduced by for-
mulating the inverse problemas a general optimizationproblem with
equality constraintsthat are functions of the state variables. The op-
timality conditionsare derived usinga variationalapproachbased on
Hamilton’s weak principle. The time-domain finite element method
is used to discretize the derived governing equations, and a nu-
merical solution is obtained through least square optimization. The
proposed algorithm can fully utilize the control redundancy for the
redundant case through proper selection of the performance index
and constraints. Time differentiation of trajectory constraints and
partial differentiationof output variables with respect to the control
inputs are not required. To verify the effectiveness of the proposed
method, solutions for an aileron roll maneuver and a bank-to-bank
maneuver of aircraft are presented.
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